ABSTRACT. In [Ben13] the notion of logically distributive category has been introduced to provide a sound and complete semantics to multi-sorted first-order logical theories based on intuitionistic logic. In this note, it will be shown that the definition of logically distributive category can be simplified by dropping two requirements, the one saying that product must distribute over sum, and the one saying that product must distribute over existential quantification.
The purpose of this note is to show how one can drop two conditions in the definition of logically distributive categories. We remind from [Ben13] the original definition:
Definition 0.1 (Logically distributive category). Fixed a λ-signature Σ = 〈S, F, R, Ax〉, a category C together with a map M : λTypes(Σ) → Obj C is said to be logically distributive if it satisfies the following seven conditions:
(1) C has finite products; (2) C has finite co-products; (3) C has exponentiation; (4) C is distributive, i.e., for every A, B,C ∈ ObjC, the arrow
has an inverse, where [_, _] is the co-universal arrow of the (A × B) + (A × C ) co-product, _ × _ is the product arrow, see [Gol06] , 1 A is the identity arrow on A, and ι 1 : B → B + C , ι 2 : C → B + C are the canonical injections of the B + C co-product.
For every s ∈ S, A ∈ λTypes(Σ), and x ∈ V s , let Σ A (x : s) : LTerms(Σ)(s) → C be the functor from the discrete category LTerms(Σ)(s) = {t :
. Also, for every s ∈ S, A ∈ λTypes(Σ), and x ∈ V s , let C (∀x : s. A) be the subcategory of C whose objects are the vertexes of the cones on Σ A (x : s) such that they are of the form MB for some B ∈ λTypes(Σ) and x : s ∈ FV(B). Moreover, the arrows of C ( Actually, since conditions (1) and (3) amount to say that C is Cartesian closed 1 , the product functors A × − preserve co-limits, because it has the exponential functor (−)
A as right adjoint -a standard check that can be found in any textbook, see, e.g., [Bor94] . So, by condition (2), one can deduce the existence of the arrow required in condition (4). Actually, it is more convenient to have a direct construction of the arrows making the interpretations of A×(B +C ) and (A×B)+(A×C ) equivalent. This can be found in [Ben14] . By this result, condition (4) is redundant. In [Ben14], the natural bijection Hom(A×B,C ) ∼ = Hom(A,C B ) has been explicitly constructed. Specifically, tr : Hom(A × B,C ) → Hom(A,C B ), which maps an arrow to its exponential transpose, is the isomorphism in one direction, and θ works in the opposite direction, where θ derives from a co-universal construction.
Turning to condition (7), we want to show that it is redundant, too. This amount to construct an inverse for the unique arrow
so that we have two co-cones and α makes the diagram to commute, i.e., it is an arrow in the category of co-cones. Also, we know that M(∃x : s. A × B) is the initial object in the sub-category C ∃x : s. A×B , i.e., a co-limit. We may think to the co-cone on the right of the diagram (1) as the one produced by applying the product functor (A × −) to the following co-cone
1 Some authors define Cartesian closed categories as those having all finite limits and exponentiation, and reserve the adjective "weakly" for the categories having just products and exponentiation. Since the result holds for both definition, we avoid the adjective. Now, consider any co-cone of the form
where x : s ∈ FVC , i.e., any co-cone whose vertex lies in C ∃x : s. A×B .
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